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Estimate of Loads During Wing-Vortex Interactions
by Munk's Transverse-Flow Method

Vernon J. Rossow*
NASA Antes Research Center, Moffett Field, California 94035

The in viscid, incompressible interaction of a wing with a vortex is studied by use of Munk's transverse-flow
method. The method assumes that the loading oh the wing is such that the local circulatory flow of the vortex
is turned so that the wing and its vortex wake act as a barrier to the flow. This permits the analysis to be carried
out by mapping the transverse flowfield into the flow about a circle to find the vorticity distribution in the wake.
Closed-form expressions are then derived for the bound circulation in the wing and for the lift and rolling
moment induced by the vortex on the encountering wing. Comparisons of the loads predicted by these relation-
ships with those of vortex-lattice theory for a flat wing of a rectangular planform indicate that they accurately
represent the various parameters when the aspect ratio of the encountering wing is less than about two. When
flat rectangular wings of higher aspect ratios are considered, some sort of correction is needed. Examples are then
presented to illustrate some applications of the results.

Nomenclature
M. = aspect ratio
a == radius of circle in mapped plane
b = wing span
CL = lift coefficient, =L/qS
Ci = rolling-moment coefficient, =M/Sb
c = wing chord
L = lift
M = rolling moment
q = dynamic pressure, = pt/«/2
r = radius
S = wing planform area
f/oo = velocity of aircraft
\v = vertical velocity
x = distance in flight direction
y = distance in spanwise direction
z = distance in vertical direction
7 = wake vorticity
F = bound circulation of wing
f = complex variable, —y + iz
6 = meridian angle
p = air density
4> = complex potential

Subscripts
c = circle plane
/ = following or probe aircraft
g = wake-generating aircraft
im = image vortex
m = riiaximum
o = centerline of following wing
s = slit plane
v = vortex
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Introduction

I N a number of aerodynamic problems,1'9 the flowfields
contain the interaction of a vortex with a wing, rotor blade,

or aircraft surface. Since such a flowfield is complex and con-
tains large velocity gradients, it is often necessary to approxi-
mate various aspects of the fluid motion in order to facilitate
a solution. The present study began as a part of the NASA
program to find ways to alleviate1'6 the overturning velocities
that now exist in the lift-generated wakes of large transport
aircraft. The analyses used in that research often require sim-
ple and accurate means for calculating the interaction of a
wing with a vortex to estimate the rolling moment induced on
a small aircraft following a larger wake-generating aircraft. In
the past, some effort and thought has gone into the definition
and justification of various theoretical approaches to the wing-
vortex interaction.1'21 A review of this information6 indicates
that further analysis is required to define better the interaction
of the vortex with an aerodynamic surface. In particular, im-
proved resolution is needed in those cases wherein the vortex
impinges near or right on the leading edge of a wing because
the interaction may substantially modify the distribution of
velocity in the vortex.

Once the far-field structure of the vortex is known from
experiment or from a theoretical estimate, one of several meth-
ods can presently be chosen to estimate the loading. If the
vortex-lattice method16 is chosen to analyze the flowfield, the
flow-angularity impressed on the aerodynamic surfaces by the
vortex is interpreted as the local angle of attack of the wing
surface to a uniform freestream. This step refotmulates the
mixed (rotational and potential) flowfield into one that is ap-
proximated by potential flow. That is, the original flowfield,
which is composed of a flat wing submerged in the rotating
flowfield of a vortex, is replaced by a twisted wing in a uniform
air stream. Such a change in the character of the flowfield
raises questions as to the quality of the results and has
prompted discussion8'21 of concerns and of possible remedies.
The region of most concern occurs when the high speed core of
the vortex is near a surface so that the angles of attack induced
on the wing are large enough to be out of the linear range
assumed in the approximations. That is, high rotational veloc-
ities in the core region of the vortex impress large angles of
attack on the nearby aerodynamic surfaces. If this concentra-
tion of vorticity is not redistributed by the interaction process,
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unrealistically large loads are predicted. Since the radius of the
vortex is usually not large in high speed cores, the momentum
in the fluid is small. The large loads predicted are then not
supported by the large mass flux of fluid that is assumed in the
twisted wing approach6 currently used in the vortex-lattice and
strip-theory methods.

The present investigation was undertaken primarily in re-
sponse to a continuing need for improved methods by which
wakes can be compared with one another to determine their
level of hazard for following aircraft. In particular, theoretical
wakes being considered for wake alleviation6 are often com-
posed of a system of point or line vortices which have cores of
zero diameter and infinite velocities at their centers. Use of the
usual strip theories or vortex-lattice methods in these situa-
tions yields unrealistic results if the center of a vortex is too
near a control point. The solutions presented here yield realis-
tic results for all types of interactions with simple, closed-form
expressions for the various flowfield parameters. After the
flowfield and its idealizations are described, the steps used to
obtain a solution are presented along with several applications
of the results. Not only do the present results provide a simple
solution to a complicated problem, but they also provide a step
toward a more complete analysis, which better represents the
true nature of the flowfield. The present solutions can also
be used for comparison with numerical results to test their
validity.

Description of Flowfield
The problem being considered here (Fig. 1) assumes that the

axis of the vortex is aligned with the flight direction of the
wing. The vortex is assumed to have a circulation of Tv and to
be positive when it has counterclockwise rotation from a pi-
lot's viewpoint. The vortex is located at a distance rsv from the
centerline of the wing at an elevation angle of 6SV relative to the
span wise direction of the wing. The surface that encounters the
vortex is shown as a rectangular wing for simplicity, but the
analysis treats the wing as a lifting line and does not specify its
shape. It is simply assumed that the wing planform, camber,
and twist are constructed so that the lift distribution at each
spanwise station is just enough to turn the swirling fluid of the
vortex so that it does not penetrate the wing or the wake. It is
also assumed that the wake trailing from the lifting line re-
mains as a flat sheet and does not roll up or undergo any
self-induced distortions. Since the wing and its wake form a
barrier to the fluid motion of the vortex, the analysis treats the
wake as a flat surface that is not penetrated by the fluid. The
procedure used to obtain the solutions presented here is pat-
terned after the transverse-flow method described in Chap. V
of Munk,10 wherein the flow about the wake is considered as
two dimensional to determine the vorticity distribution in the
wake. Munk used this method to derive elliptic loading as the
most efficient for a given span and to analyze other lifting sys-
tems. Since a slender-body assumption is not made, the shape

VORTEX

of the wing and any change in cross section with streamwise
distance is not included (e.g., Chap. II of Munk10).

Analysis
Since the wake shed by the encountering wing is assumed to

remain as a flat, impermeable sheet from the wing trailing edge
to infinity, the flowfield far downstream of the wing in a plane
transverse to the flight direction (and vortex axis) can be
treated as two dimensional.10 If the vortex wake is taken to be
a slit of vanishingly small separation between the upper and
lower surfaces (Fig. 2), it can be mapped from a circle by the
function

& = fir

or

zs=zc(l-a2/r2)

(1)

(2a)

<2b)

where yc = rc cos0c , zc = rcsin6C9 and r2=y2+z2- Unfortu-
nately, Eqs. (2a) and (2b) are simple when mapping from the
circle to the slit plane but not so when going in the other
direction, which happens to be the one necessary in the present
analysis. Several attempts were first made to invert Eqs. (1)
and (2), but they all result in unmanageable expressions which
became ambiguous when the mapping did not involve the first
quadrant. Further difficulty also arose in these expressions
when the signs of multiple-valued square roots had to be cho-
sen. A very satisfactory scheme was then found by first squar-
ing both Eqs. (2a) and (2b) and then combining the results in
such a way as to eliminate the dependence on 0C. As a result,
a quadratic equation was generated for the quantity, (r2 + a4/
r2), as

- r2(r2+a*/r2) - 2a\2a2-y2 + z5
2) = 0 (3)(r2

Solution of Eq. (3) for the quantity inside the parentheses
yields another quadratic equation in terms of r2 , which is
again easily solved. The quantity rc is then found by taking the
square root obtained from the solution of the second quadratic
equation. In each of these steps, the positive sign is chosen for
the square root to be sure that r2 remains positive. After rc has
been found, Bc is found by use of Eqs. (2a) and (2b). In the
computations for the mapping, a point on or just outside of
the circle or slit is always taken slightly in excess of the circle
radius (i.e., above or below the slit that represents the wake) to
be certain that the point in question is in the flowfield and not
inside the circle or slit.

Since the flowfield is linear, the contributions of any num-
ber of vortices can be superimposed. For the present, however,
consider a single vortex passing somewhere near a wing and its
wake as shown in Figs. 1 and 2. If the circle in the mapped
plane is to be a boundary, an image vortex must be placed
inside the circle at the same angle Bcv as the impinging vortex
and at the radius rim = a2/rcv from the center of the circle. An
additional vortex of the same strength as the impinging vortex

WAKE
\

SLIT PLANE CIRCLE PLANE

Fig. 1 Schematic of flowfield.

Fig. 2 Illustration of mapping of slit in physical plane that contains
vortex wake shed by encountering wing from a circle by use of the
relationship & = ft + a2/fc.
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must be placed at the center of the circle so that the net circu-
lation inside the circle and, therefore, in the wake vanishes.
Since both a positive and negative vortex are added to the
flowfield, the net circulation upstream and far downstream of
the wing are both equal to the magnitude of the circulation in
the impinging vortex. If a vortex had not been added at the
center of the circle, the net or total circulation in the transverse
flowfield far downstream of the wing would be zero. The
complex potential for the cross-stream flowfield is then given
by

integration of the equations

= (/Ty/27T) MfcCfc - (4)

where no tangency or Kutta condition is specified at the edges
of the wake. The solution given by Eq. (4) yields the potential
and stream function when separated into real and imaginary
parts. The velocity components are found by taking the com-
plex derivative of Eq. (4). The velocity on the surface of the slit
is then found from the circumferential velocity on the surface
of the circle as

vs = (vc sin0c - wc cos0c)/2 sin0c

The vorticity in the wake is found from

7*Os) = Slower "Supper

(5)

(6)

Substitution of the various derived quantities into Eq. (6)
yields the vorticity distribution for the wake in terms of the
wing span bf or the radius of the circle, a = bf/4 and the lo-
cation of the impinging vortex in the circle plane as

4Tta s r2
v +a2- 2ar2

v cos(0c -0cy)

______ r2
v-a2 1

r2
v +a2- 2ar2

v cos(0c + 0cy)J (7)

where a position on the slit is related to a corresponding one on
the circle By

ys = 2a cos0c (8)

The span loading on the encountering or following wing is
obtained by integration22 of the intensity of the vortex wake
TsCKs) for the bound circulation F(y5) or

-bf/2

to yield

tan[(0c -0cy)/2]

(9)

When Eq. (9) is used to compute the span loading, the arc
tangents sometimes switch quadrants at improper values of the
arguments so that the loading contains errors and unwanted
discontinuities. This difficulty can be eliminated by combining
the two arc tangent functions through the use of trigonometric
identities so that Eq. (9) becomes

r (v)- -
°W~

-tan

(10)

Now that the circulation bound in the wing is known, the lift
and torque induced on the wing by the vortex can be found by

M= -pUc

[bf

J -

-bf/2

bf/2

bf/2

T(ys)dys (lla)

(lib)

The integrations are carried out by first transforming them to
the circle plane. Integration by parts is then used to conform
the integrals to fit those listed in the integral tables of
D wight.22 By this technique, the coefficients of lift and rolling
moment induced on the following or encountering wing by a
vortex are found as

CLf = - a,) cos0cy

) cos2Bc

(12)

(13)

where a positive value of lift is taken as upward and a positive
value of rolling moment as one in the same direction as the
impinging vortex. An equation for the drag due to lift that
corresponds to Eqs. (12) and (13) was not derived because the
integrations were not obvious.

The dependence of the induced lift and rolling moment on
span ratio, aspect ratio, and the strength and location of the
vortex relative to the wing center line is defined by Eqs. (12)
and (13). It should be noted that Eqs. (4-10) are given in terms
of the location of the vortex in the circle plane even though the
quantities represented apply to the slit or physical plane.
Transformation back and forth between the two planes is rel-
atively easy by use of Eqs. (2) and (3).

Results similar to Eqs. (12) and (13) are presented in Nielsen
(pp. 101 and 107).8 When those results are changed into the
present notation, they become

CLf= -&f(Tv/bgUw)(bg/bf)[l-(a/rcv)2] cos0cy

Clf = - [Af/*](Fv/bgUa,)(bg/bf)ll + (a/rcv)2] cos0cy

Nielsen *s equations also predict a side force on the wing,
whereas the present method indicates that it is zero. The differ-
ence in the two results is not surprising because the method of
analysis is different and Nielsen' s result for rolling moment is
for a wing of triangular planform. (Wing planform can be
included if the slender-body approximation is made.) An ap-
plication9 of Nielsen 's method was outlined for a wing of
rectangular planform with a nearby vortex whose path was
allowed to vary with chord wise distance. Since the integrals
then became quite messy, the analysis could not be carried to
the completion presented here.

Some intuitive insight into the physics of the lift and
moment are obtained by changing Eqs. (12) and (13) into
another form. First recognize that cosOcv=ycv/rcv, cos20cy
= (ylv —Zcv)/rcV> and that the vertical velocity at the center of
the circle that represents the wing wake in the mapped plane is
given by w0 = -(Tv/2Tr)(ycv/r2

v). Hence, Eqs. (12) and (13)
may be written as

CLf = (14)

(15)

where dw0/dy0 is the gradient of the vertical velocity at the
center of the circle. Even though it has been known for some
time that the lift and torque induced on a wing by a vortex
were, respectively, proportional to the vertical velocity and its
lateral gradient, it was not known that the relationship was
exact when those quantities were evaluated in the circle plane.
These relationships are not any improvement over Eqs. (12)
and (13) because their evaluation is the same, but they provide
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insight into the nature of the lift and torque imposed on an
encountering wing by nearby vortices.

Comparison with Other Methods
The solutions derived by Munk's transverse-flow method

are now examined not only to illustrate the character of the
predictions but also to find out how well they compare with the
loads induced on a flat wing of rectangular planform. Since
the shape of the wing is not specified by the theory, there is
some question as to how the results presented here should be
tested. If the wing is cambered and/or twisted to redirect the
rotary flow of the impinging vortex, the results could be made
to agree exactly because the assumptions would be the same.
However, a different wing shape must then be used for each
vortex strength and location. It seems best then to compare the
present predictions on the basis of a flat wing of rectangular
planform which does not fit any aircraft in particular but is
representative of most wing shapes in use. The methods avail-
able6 to be used as a reference in the comparison range from
quite simple strip-theory-type analyses to fairly involved finite-
difference methods. Of these, the two methods to be used here
are a modified strip theory, which incorporates features sug-
gested by Munk, Jones, and Maskew,6 and a vortex-lattice
method developed by Hough.16 Both methods assume that the
wake is not changing with time and that the penetrating wing
is fixed at some point in the wake so that the flowfield can be
treated as steady state. The differences between these two pre-
diction schemes for the maximum torque on a following wing
were found to be small compared with the uncertainties usually
experienced in obtaining test data.6'9'20'24 Since the span-load
distribution predicted by strip theory is directly proportional
to the local up wash without any redistribution of vorticity, it
is not useful for comparison with the load or vorticity distribu-
tions. Hence, the modified strip theory will be used only to
derive equations for the lift and torque induced on the wing
when the vortex is at its most effective location for each quan-
tity, and the vortex-lattice method will be used to make more
detailed comparisons.

The first of the two quantities to be derived with the modi-
fied strip theory is the lift induced on an encountering wing
when the vortex impinges on the wing at a distance yv from the
wing center line. Since the impinging vortex is a potential vor-
tex and has no core, the velocity distribution is given by

ve = Tv/2irr (16)

Integration of the lift distribution when the vortex is in the
z = 0 plane yields

(17)

CL/)strip =

x (bg/bf)kl(yv-bf/2)/(yv + bf/2)]

where the aspect ratio function inside the first set of brackets
arises from the empirical correction for strip theory suggested
by Jones and Cohen.12

Similarly, the rolling moment induced by the vortex on the
encountering wing is found by integration of the torque to
yield

+ 6/&f)](Tv/bgU00)(bg/bf)

(18a)

The empirical aspect-ratio function of Jones and Cohen dif-
fers slightly from Eq. (17) to Eq. (18a) to reflect the fact that
the maximum torque location for the vortex puts half of the
wing in an upwash and half in a downwash flowfield making
the effective aspect ratio half as large as when the vortex
impinges at the wingtip.6'10 Note that both Eqs. (17) and (18a)
become infinite when the vortex impinges on either wingtip;
i.e., yv = ±bf/2. This characteristic makes it difficult to use

a) DOWNWASH VELOCITY PROFILE OF RANKINE VORTEX
USED TO APPROXIMATE A POINT VORTEX;

.2 r —— TRANSVERSE-FLOW
METHOD

— — VORTEX-LATTICE
METHOD

-.2

-.2 L

b) LIFT AND ROLLING MOMENT;
A R f = 1

= 0.1,bf/bg

Fig. 3 Variation of lift and rolling-moment coefficients with span-
wise distance along a line just above the vortex center.

these equations for flowfields that contain point or line vor-
tices because the answer may depend on the proximity of a
vortex to a control point. Vortex-lattice methods present a
similar difficulty whenever a point vortex falls on or too near
a control point and, therefore, are also not useful for flow-
fields that contain point vortices. When the vortex impinges on
the wing centerline, the lift vanishes and the rolling-moment
coefficient takes on a finite value.

+ 6/ALf)](Tv/bgUe>y(bg/bf) (18b)

The maximum values predicted by the transverse-flow
method for lift and rolling moment are given by Eqs. (12) and
(13) as

CLf)m =
Clf)m =

(19)

(20)

It is to be noted that the strip theory result, Eq. (18b), has the
same form except for the aspect ratio function. It is for this
reason that in each of these equations, the dependency on &f
is indicated by square brackets to emphasize where the func-
tional difference between various theories appears to be con-
centrated. Since the strip theory result for maximum rolling
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——— TRANSVERSE-FLOW METHOD
——— VORTEX-LATTICE METHOD

a) VORTEX AND WING CENTERS ALIGNED

0 2 4 6

b) WINGTIP AT VORTEX CENTER

Fig. 4 Variation of lift and rolling-moment coefficients with the in-
verse of the span ratio of the generating and following wing as pre-
dicted by transverse-flow and vortex-lattice methods; rv/^t/oo = 0.1,

moment and vortex-lattice theory have been found to be in
good agreement with experiment,24 the results obtained with
the transverse-flow method need to be examined in more detail
to find out how well they compare with the loads on flat wings
of rectangular planform.

The vortex-lattice method16 makes possible an evaluation of
the accuracy of the transverse-flow predictions for the vortex-
induced span loadings and the integrated parameters. Since the
vortex-lattice method is a numerical procedure, the velocity
distribution of the vortex must not contain infinite values in
case a control point inadvertently falls on or near the center of
vortex. In order to cover such a possibility and still have a
vortex structure that approximates a potential vortex, the vor-
tex used in the comparisons was a Rankine vortex23 with a
small but finite core of radius, rCOK = 0.001 bf (part a of Fig. 3).
Even though a small core is specified for the vortex, the vortex-
lattice solution responds as if the core were as large as the
distance to the control point nearest the center of the vortex.
Such an approximation does not always affect the results sig-
nificantly but may be responsible for some of the differences
between the two predictions. The wing used for the vortex-lat-
tice computation has a rectangular planform and has no twist
or camber. The span and chord are adjusted to achieve the de-
sired values of &f and bg/bf.

As expected, all of the expressions derived for the wing-vor-
tex interaction indicate a linear relationship with the dimen-
sionless vortex strength. Such a relationship is expected in the
absence of flow separation or other flow anomalies that lead
to nonlinear characteristics. Such a well-behaved linear char-
acteristic for the other parameters like the span ratio &g/&/and
the aspect ratio of the following wing JRf is not necessarily
expected. Hence, these variations will now be investigated.

The lift and rolling moment predicted by the transverse-flow
method and the vortex-lattice method are first compared in
Fig. 3 as the wing is given locations along a line just above the
horizontal axis of the vortex. As mentioned in the preceding
discussion, the vortex used in the vortex-lattice computation
was given a core of radius of rcore = 0.001 &/ (part a of Fig. 3).
Even with this precaution, unrealistically large positive and
negative values of lift and rolling moment occurred at loca-
tions along the y axis between yv = — 0.5&/ and +0.5&/
whenever the vortex center was too near a control point of a
wing panel or lattice. For this reason, a dashed curve for the
vortex-lattice prediction is not presented in Fig. 3 over that
range of y values. Outside of this region, no portion of the
wing is near the vortex center so the vortex-lattice method does
not have difficulty, and the two predictions are in good agree-
ment.

The span ratio parameter bg/bf was chosen as the next part
of Eqs. (12) and (13) to be studied because all of the equations
predict a linear dependence of lift and torque on it. The com-
parison in part a of Fig. 4 indicates that the relationship is in-
deed not only linear but the rolling moments are in very good
agreement when the vortex center and the wing centerline are
aligned. However, when the vortex impinges on the wingtip,
the agreement is not as good, even though the transverse-flow
and vortex-lattice methods both predict a linear relationship
with bg/bf. The reason for the lack of agreement is not obvi-
ous but, as mentioned previously, may be caused by the depen-
dence of the vortex-lattice method on the nearness of the con-
trol points to the vortex center. The finite mesh size of the vor-
tex-lattice method may also contribute to the difference but
not significantly.

Next the effect of aspect ratio on the lift and rolling moment
predicted by the two methods are compared (Fig. 5). Once
again, the quantities are evaluated at the vortex locations that
yield maximum values for each. As observed in Fig. 3, the lift
has a maximum whenever a wingtip is at the vortex center. The
magnitude of the rolling moment maximum predicted by the
transverse-flow method is the same at the wingtips as at the
wing centerline [Eq. (13)]. The comparisons in Fig. 5 show that
the linear relationship predicted by the transverse-flow method
is not confirmed by the vortex-lattice results. As anticipated by
the assumptions made in the transverse-flow theory, the two
predictions are in agreement with one another at low values of
JRf. As SRf increases, however, the transverse-flow method
increasingly overpredicts the loading. Such a result points out
that the encountering wing needs a large chord if, as assumed
in the theory, the wing is to turn the rotary flowfield of the
vortex so that it does not penetrate the wake. Hence, even
though the theory of the transverse-flow method did not
specify the planform of the wing or its twist and camber, it did
require that the wing should be of a size and shape that would
deflect the rotating airstream around the wake. As indicated in
Fig. 5, one possible design that accomplishes the flow diver-
sion is a wing with a large chord or small aspect ratio. Accord-
ing to the results of the comparison, the required amount of
turning is apparently provided by the flat rectangular wing
used in the vortex-lattice examples when its aspect ratio is
below about one.

It was thought for awhile that the transverse-flow result
could be corrected by a simple aspect-ratio function similar to
the Jones and Cohen12 empirical formula and perhaps the
same as the one given in Eq. (17) or (18). Trial-and-error
attempts were then used to develop a function of AHf that
would bring the two predictions into agreement. A function
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that corrects for lift when the vortex is aligned with a wingtip
is given by

FL(JSiff) = [1 + 0.5A?-32] tan(0.6^) (21a)

A function that corrects the rolling moment prediction when
the vortex is aligned with the wing centerline is given by

(21b)

If Eqs. (21a) and (21b) are used instead of the simple JR.f
parameter in Ecjs. (19) and (20), the straight lines presented in
Fig. 4 for the transverse-flow method are converted into
curved lines that lie within a line width of the vortex-lattice
results. However, when Eqs. (2ia) and (21b) were applied to
other locations of the vortex relative to the wing to obtain the
span loading, lift, and rolling moment, the agreement with
vortex-lattice theory was not nearly as good. Some of the lack
of agreement may be because of failures of the vortex-lattice
method to represent some aspects of the aerodynamic interac-
tion process. However, most of the difference probably occurs
because the transverse-flow result assumes that the following
wing (no matter what its shape) turns the rotary flow so that
it does not penetrate the wing or the wake, whereas the vortex-
lattice theory assumes only that the wing itself is not pene-
trated by the vortex flowfield. When both predictive methods
are applied in circumstances where their respective assump-
tions are not violated, the two results agree. In the cases con-
sidered, they agree well only when the aspect ratio is small.

TRANSVERSE-FLOW
METHOD

VORTEX-LATTICE

a) LIFT WHEN LEFT WINGTIP IS AT VORTEX CENTER

.6r

.4

c/f)n

.2

TRANSVERSE-FLOW,
METHOD

0 2 4 6 8 1 0
ARf

b) ROLLING MOMENT WHEN VORTEX AND WING
CENTERS ARE ALIGNED

Fig. 5 Variation of lift and rolling moment coefficients with aspect
ratio of the following wing as predicted by transverse-flow and vortex-
lattice methods; rv/&f£/a> = 0.1, b//bg = Q.2.

In order to illustrate further the character of the transverse-
flow results, the span loadings are compared with vortex-lat-
tice results in Fig. 6 for &f = 1 when the vortex is aligned with
the wing centerline and with the wingtip. Once again the vortex
center is not near enough to a vortex-lattice control point to
yield unrealistic results, but the loading may also not be accu-
rately represented. Note that the agreement is quite good ex-
cept for the lift magnitude when the vortex impinges on the
wingtip. Such a difference is expected when the comparisons in
Fig. 5 are examined at low values of JRf. Other comparisons
made in the study suggest that a separate aspect ratio function
will probably be needed for each wing shape and vortex loca-
tion to achieve a high degree of accuracy.

Applications
Several examples of the kinds of problems that caii be treat-

ed by use of the results of the transverse-flow method [Eqs.
(12) and (13)] are now presented to illustrate applications. The
author's primary interest was to have available a simple, quick
means for the calculation of the contours of constant lift and
torque for any system of point vortices, e.g., one that repre-
sents a lift-generated wake. In order to illustrate such a capa-
bility, the contours for a single of isolated vortex are first pre-
sented in Fig. 7. Such a computation is relatively simple be-
cause they are known in closed form from Eqs. (12) and (13).

In the case of two or more vortices, a predictor/corrector
method is used to generate the contours. The contours for a
pair of point vortices are presented in Fig. 8 for both lift and
rolling moment in order to illustrate application to the simplest
of lift-generated wakes.

.3r

LIFT

ROLLING MOMENT X 10

—— TRANSVERSE-FLOW
METHOD

0,D VORTEX-LATTICE
METHOD

-.3

a) VORTEX AND WING CENTERS ALIGNED

.2

ROLLING MOMENT X 10

LIFT

-.3L

b) VORTEX CENTER ALIGNED WITH RIGHT WJNGTIP

Fig. 6 Comparison of spanwise loading as predicted by the trans-
verse-flow and vortex-lattice methods; Tv/bgUoo = Q.l9 bf/bg=Q.59
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a) LIFT

a) LIFT

Wm-0.

ROLLING MOMENT b) ROLLING MOMENT

Fig. 7 Predictions by transverse-flow method of the contours of
equal lift and rolling moment coefficients as induced on a following
wing by a point vortex.

Fig. 8 Predictions by transverse-flow method of the contours of
equal lift and rolling moment coefficients as induced on a following
wing by a vortex pair; bf/bg = 1.

Obviously, these results are easily extended by superposition
to any number and arrangement of point vortices which
thereby provides the tools sought at the beginning of the inves-
tigation. In order to illustrate the technique and to check the
accuracy of the approximation of vortex structure by a number
of point vortices, an example is presented in Fig. 9. In the case
presented, the structure of the vortex core of a Rankine vortex
is simulated with 19-point vortices. Comparison is then made
with the vortex-lattice method by assuming a continuous dis-
tribution of velocity in the vortex so that the computation does
not have difficulty. In order to indicate the accuracy of the
point vortex approximation, the two predictions are compared
in Fig. 9 along a line through the center of the vortical region.
Since the agreement is quite good, the example illustrates the
effectiveness with which a system of point vortices can be used
to represent a continuous distribution of vorticity. The wiggles
in the transverse-flow prediction are small-scale versions of the
fluctuations shown in Fig. 3 for a single vortex. As the number
of vortices used to simulate a given vortex structure increases,
the amplitude the length of the wiggles decreases.

Another example which illustrates the use of Eqs. (12) and
(13) for estimating lift and torque throughout a vortex wake is
presented in Fig. 10. A system of 40-point vortices is used to
represent the lift-generated wake of an elliptically loaded wing.
The contours of constant torque are presented at several time
intervals or distances downstream of the wing trailing edge as

noted in the figure. The technique developed to produce Fig.
10 makes it possible to evaluate the wake hazard as a function
of time for a wide variety of lifting configurations. In the cases
studied so far, it was found that the maximum rolling moment
induced on a following wing by a vortex system does not
change appreciably during the time history of the wake even
though the contours change somewhat. This result is not ex-
pected to be true for all wakes because the maximum value of
the gradient in vertical velocity is not an invariant of vortex
systems. It should also be noted that the maximum torque
predicted is larger than any of those measured in wind tunnels
for two reasons. First, viscous effects diffuse the high energy
concentrated in the vortex cores. Second, most of the wakes
measured were shed by wings with slats and flaps which again
tend to diffuse the cores of vortices and reduce the induced
torque.

In all of these examples, note that, even though wiggles
occur in the contours due to the finite number of point vortices
used in the simulation, the predicted torque does not take on
unrealistic values as the vortex impinges on any part of the
encountering wing. This attribute makes the foregoing results
useable in a variety of circumstances not possible with strip or
vortex-lattice theories unless special precautions are taken to
avoid the proximity of vortex center to control points. If the
aspect ratio of the following wing is to be much greater than
one, an empirical adjustment, such as Eq. (21), should be
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•2r
BOUNDARY OF
VORTEX CORE

POINT VORTEX
SIMULATION

—— TRANSVERSE-FLOW
METHOD

—— VORTEX-LATTICE
METHOD

-.2

.2 .4
V/bn

a) DOWNWASH THROUGH CENTER OF RANKINE VORTEX
AND ILLUSTRATION OF ITS POINT VORTEX
SIMULATION; rrn = bf

-2.0 L

b) COMPARISON OF PREDICTIONS ALONG A LINE JUST
ABOVE THE VORTEX CENTER

Fig. 9 Lift and rolling moment on a wing as it traverses through vortex with a core of radius rcore = bf. Transverse-flow method uses a system of
point vortices that simulate the continuous distribution of vorticity of the Rankine vortex used in the vortex-lattice method; b//bg - 0.5, /R/ = 1.0,

c) T(r/bguj = 1.0

Fig. 10 Contours of equal rolling moment coefficient at various in-
stants of time as the wake shed by an elliptically loaded wing rolls up;
Tv/bgUoo — 1, bf/bg = 0.5, &f = 1, rolling moment increment between
contours = ACp/(F,/fr,tfa.) = 0.02; C//)m/(rv/^f/oo) = 0.175.

made to the results predicted by the transverse-flow method to
improve the quantitative accuracy of the method for aspect
ratios much above one.

One other use for the simple closed-form lift and rolling
moment expressions is in the use of ground-based simulators
to study the interaction of aircraft with vortex wakes and the
corresponding response of the pilots to the encounter.6'25 In
simulations of this kind, strip theory was usually used to esti-
mate the induced loads in order to achieve a computation time
sufficiently small that the aircraft response time and the simu-
lation could be realistic. Use of the foregoing closed-form
equations for the lift and torque for the various surfaces on the
aircraft would facilitate the computation.

Concluding Remarks
The interaction of a vortex with a wing has been analyzed by

use of Munk's transverse flow method which assumes that the
wing and its wake are a barrier to the rotary flowfield of the
vortex. Such an idealization simplifies the analysis so that
simple closed-form expressions are derived for the loads in-
duced on the following wing. The analysis is explicit with re-
gard to boundary condition and the subsequent loadings, but
no specification is made on the wing shape. As a consequence,
the predicted results are in agreement with vortex-lattice the-
ory for a flat wing of rectangular planform when it has a chord
long enough (i.e., aspect ratio less than about two) to turn the
local rotary flow of the vortex as assumed in the transverse-
flow theory. At larger aspect ratios, the closed-form results
diverge from the vortex-lattice predictions for flat rectangular
wings.

These comparisons add confidence in the vortex-lattice
method's ability to properly represent rearrangement of the
velocity and vorticity in complicated flowfields. The compari-
sons also demonstrate that the closed-form expressions derived
by Munk's transverse flowfield method are quantitatively cor-
rect at small aspect ratios and qualitatively correct elsewhere.
A correction at higher values of JRf for the fact that the wing
under consideration does not turn the flow of the vortex as
completely as assumed in the theory was found for the lift and
rolling moment at vortex locations that yield maximum values
of each. Unfortunately, application of these corrections to
other vortex/wing locations provides improved but question-
able accuracy because the correction is a function of not only
aspect ratio but also of the vortex location relative to the wing.

The closed-form results derived herein have a number of
applications where a simple description is useful. An easy
method for the evaluation of the lift and rolling moment im-
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posed on encountering wings by various lift-generated wakes
will enhance the development of lifting systems that have alle-
viated wakes. Application to the blade/vortex interaction in
helicopter research and to the simulation of aircraft entering a
vortical flowfield are also possible applications.
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